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Abstract 
 
This study is concerned with Chebyshev polynomials and their applications in 
numerical computation. The basic properties of the first kind Chebyshev 
polynomials in the interval [-1, 1], are used extensively. Three different 
applications of the first kind Chebyshev polynomials are studied.  First, a 
sufficient condition for convergence of Chebyshev semi-iterative methods 
applied to the numerical solution of algebraic linear systems is proved. The 
convergence condition depends on the bounds on the eigenvalues of a square 
matrix. Second, the problem of approximating a given function by Chebyshev 
polynomials is considered. The approximating polynomials are used to predict 
 Third, the Gauss - 
Chebyshev quadrature method for the numerical integration of a given function 
over a finite range is applied. It consists essentially of expanding the integral in 
a series of Chebyshev polynomials. 
 
 
 
 
 
 
 
 
 
 
 
 
V 
 
List of Contents 
 
 ............................................................................................................... I 
Dedication ......................................................................................................... II 
Acknowledgment ............................................................................................. III 
Abstract ............................................................................................................IV 
List of Contents ................................................................................................. V 
List of Tables ................................................................................................. VII 
List of Figures ............................................................................................... VIII 
List of Symbols ................................................................................................IX 
Chapter One: Introduction ................................................................................ 1 
1.1 Overview ...................................................................................................... 1 
1.2 Problem statement ........................................................................................ 1 
1.3 Objectives .................................................................................................... 1 
1.4 Methodology ................................................................................................ 2 
1.5 Thesis Organization ..................................................................................... 2 
Chapter Two: Literature Review ...................................................................... 3 
2.1 Chebyshev polynomials ............................................................................... 3 
2.1.1 Chebyshev polynomials of the first kind ............................................... 4 
2.1.2 Chebyshev polynomials of the second kind .......................................... 4 
2.1.3 Chebyshev polynomials of the third kind .............................................. 4 
2.1.4 Chebyshev polynomials of the forth kind ............................................. 5 
2.1.5 Connections between the four kinds of polynomials ............................ 5 
2.1.6 Shifted Chebyshev Polynomials ............................................................ 7 
2.1.7 Chebyshev Polynomials for general [a, b] ............................................ 8 
2.2 Basic properties of the first kind Chebyshev polynomials .......................... 8 
2.2.1 Chebyshev Polynomials zeros and extrema .......................................... 9 
2.2.2 Orthogonality of Chebyshev Polynomials........................................... 10 
2.2.2.1 Continuous Orthogonality ................................................................ 10 
VI 
 
2.2.2.2 Discrete Orthogonality ..................................................................... 12 
2.2.3 Chebyshev Series ................................................................................. 13 
2.2.4 The minimax Property of the Chebyshev Polynomials ....................... 14 
2.2.5 Monic Polynomial ............................................................................... 15 
Chapter Three: Chebyshev semi-iterative method ........................................ 16 
3.1 Iterative Method ......................................................................................... 16 
3.2 Convergence of linear nonstationary iterative methods ............................ 17 
3.3 Chebyshev semi-iterative method .............................................................. 17 
3.4 The algorithm of Chebyshev semi-iterative method ................................. 22 
3.5 Implementation using Matlab .................................................................... 24 
Chapter Four: Polynomials Interpolation ...................................................... 32 
4.1 The concept of Interpolation ...................................................................... 32 
4.2 Polynomial Interpolation Theory ............................................................... 32 
4.3 The Error in Polynomial Interpolation ...................................................... 34 
4.4 Chebyshev Interpolation Formulas ............................................................ 34 
4.5 Interpolation at the Chebyshev points ....................................................... 35 
4.6 The algorithm of interpolation polynomials .............................................. 37 
4.7 Implementation using Matlab .................................................................... 40 
Chapter Five: Numerical Integration using Chebyshev Polynomials .......... 47 
5.1 Numerical Integration ................................................................................ 47 
5.2 Definite integration .................................................................................... 47 
5.2.1 Quadrature method of Clenshaw  Curtis type ................................... 48 
5.2.1 Gauss- Chebyshev quadrature ............................................................. 49 
5.3 The algorithm of Gauss  Chebyshev quadrature ..................................... 51 
5.4 Implementation using Matlab .................................................................... 53 
Chapter six: Conclusions .................................................................................. 58 
6.1 Conclusions ................................................................................................ 58 
References ........................................................................................................ 59 
 
 
VII 
 
List of Tables 
 
Table (3.1): The solution of the linear system bAx for ten iterations ................... 25 
Table (3.2): The solution of the linear system bAx for eight iterations ................ 27 
Table (3.3): The solution of the linear system bAx for eight iterations ................ 29 
Table (3.4): The solution of the linear system bAx for eight iterations ................ 31 
Table (4.1): interpolating polynomials for approximating the function 
)sin()( xxf  .................................................................................................................... 41 
Table (4.2): interpolating polynomials for approximating function xexf )(  ...... 43 
Table (4.3): interpolating polynomials for approximating function 
15)( xexf x .............................................................................................................. 44 
Table (4.4): the error between the interpolating polynomials and the function
15)( xexf x
 ................................................................................................................. 44 
Table (4.5): interpolating polynomials for approximating function  
)2(ln)( xxf  ................................................................................................................ 46 
Table (5.1): Gauss Chebyshev quadrature integration of 4xxf  at n=4 ............ 54 
Table (5.2): Gauss Chebyshev quadrature integration at 14n  ............................... 55 
Table (5.3): Gauss Chebyshev quadrature integration at n=5 ...................................... 56 
Table (5.4): Gauss Chebyshev quadrature integration at n=6 ..................................... 57 
  
VIII 
 
List of Figures 
Figure (2.1): plot of Chebyshev polynomials 6,......,1,0,nTn  ....................... 9 
 
  
IX 
 
 
List of Symbols 
 
nT  Chebyshev polynomials of the first kind 
nU  Chebyshev polynomials of the second kind 
nV  Chebyshev polynomials of the third kind 
nW  Chebyshev polynomials of the forth kind 
*
nT  Shifted Chebyshev polynomials of the first kind 
kx  The zeros of Chebyshev polynomials 
xw  The weight function 
ji TT ,  The inner product of Chebyshev polynomials 
xf  Continuous function in the interval [-1, 1] 
ic  The coefficient of Chebyshev polynomials 
nP  Interpolating polynomial of degree n  
 The spectral radius of matrix 
i  The eigenvalues of matrix 
nJ  Interpolating polynomial of degree n  
kL  Lagrange polynomials 
kA  The coefficients of Gauss  Chebyshev quadrature  
jb  The coefficients of the interpolating polynomial nJ  
ijd  Discrete orthogonality 
